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kGhipaa)l
Gh(p.aq)< s|Ghippp) + kGPPA

= skGb(p,0.4). =(); since ske

It follows that,(1-sk)Gb(p,q.q) <0 = (I.I)(nfll.llip' (Euu:sldt.fl'
be a sequence in X such that “m'r(n*"m)[“’aK)'J‘ )
Gb(p,Ty_.n,Ty_n) < Gb(Tp,Ty_n,Ty_n)
< ke (Gh(p,y_ny.n))
< kGh(py_ny.n).

f3iia
s it e
:', ;hr_-.

'” l) i) show that T is Gl Gitith gy
1),

Asn = ooy n-=p, we get, KGh( =0
Gb(p,Ty_n,Ty_n )< kGb(p,p,p)=0. cat b, £ o

Thus Ty n(=pp=y'l‘p. I)t’is proved that T is Gb-conlinu‘ﬂl”:_zzi;d let T: XX be a mapping satistying fop e .
Corollary 3.3, Let (X,Gb) be a complete Gh-metric 5p3 - g
Gb(T*m x,T*m y,T"m z) < ke(Gh(x,yz));  (34) int (say u, e, Tu = u), and T m s G, Mgty
for all x,y,z€X,sk€[0,1). Then T has a unique ﬂﬂ’q po " ;refare by Theorem (3.2) we conclude that e P
Proof: Here T(u)=T(TAm u)=T"(m+1) Ul (T, e and T has unique ixed point
fixed point say p. Also we have Tu a fixed point to T#m. 5f’ e anéi et T:X-X% be a mapping satisfying for =

Corollary 3.4. Let (X,Gb) be a complete Gh-metric spa ey

Gb 1Y, ) < k‘P(Gb(XMY))a (35) . £, Tu=u), and T is

forgﬁfggx,skem.l). Then T has a unique fixed point (say u, L. )

Gb-continuous at p. 32)

Proof: Taking z = y in Theorem (3.2). ’ ot T:X—X be a mapping satisfyi for <

Corollary 3.5. Let (X,Gb) be a complete Gh-metric space and let T:X PPINg satistying fo; Stfie ey,
Gb(Tx,Ty,Tz) < kGb(x,y,z); (3.6) : to. Tomu) and T

e 'gr al)l X,Y,2€X,sk€[0,1). Then T has a unique fixed point (say u, i.e, Tu = u), an
is Gb-continuous at p, ' (0 400l ha D

Proof: To prove this corollary we define the ¢ function as tp:IO._*'”’] Lo'fr:als:’: "l:::::i';; rwt;‘t;?,g hjn‘:ﬂf}fl with

lim—(n,m-a)i{*n (t)]=0 for all t€(0,+0) and (w)=w. Clearly ¢ is non-dec 8 lunc VI (v
"n (£)]=0 for all te(0,+0)). .

g Since Gb(Tx,Ty,Tz) < k(Gb(x,y,2)); for all x,y,z€X,ske[0,1. Therefore by Theor}'m (3.2 ) WE get required , -

Corollary 3.6. Let (X,Gb) be a complete Gh-metric space and let T:X-X be 4 mapping satisfying for sgpme ey

Gb(Tx,Ty,Tz) < (Gb(x,y,z) )/(1+Gb(xyz)). ( 3.?)

for all x,y,z€X. Then T has a unique fixed point (say u, i.e., Tu = u), and T is Gb-continuous at p

Proof: To prove this corollary we define the ¢ function as @:[0,40]~[0,4>] be a non-decreasing function with
limw-(n,m—»m)ﬁﬂ[cp"n (9))=0forall t€(0,+») and Pw)=kw/(1+kw). Clearly ¢ be a non -decreasing function with
lim—(n,m—co)ilfAn (t))=0 for all te(0,40),

Theorem 3.7, Let (X,Gb) be a complete Gb-metric space and let T:X—X be a ma

Gb(Tx,Ty,Tz) < ke ma)df‘zl[Gb(x,y,z).Gb(x,Tx,Tx),Gb(y,Ty,Ty).Gb(z.Tz,Tz) (38)

for all x,y,zeX,ske [0,1).Then T has a unique fixed point (sayp,ie., Tp=pland T is
Gb-continuous at p.

Proof: Similar as theorem 3,2

Corollary 3.8. Let (X,Gb) be a complete Gb-metric space and Jet T:X—Xbea
Gb(Tx,Ty,Tz) < k ma:diﬁ]{Gb(x.y.z),Gb(x.Tx,Tx),Gb(y,Ty.Ty),Gb(z,Tz,Tz)}

for all X,y,2€X,Sk€[0,1). Then T has a unique fixed point (sayu,ie., Tu=u), and

T is Gb-continuous at p.

Corollary 3.9, Let (X,Gb) be a complete Gb-metric Space and let T:X—

Xbe a mappin satisfying for some meN
hereM ) <kmax (G G ) LS8, (3107 7P
where X.y:Z = ax x:y;Z » X, L 1X ,G ,T ,T f
uie,Tu= u),and T is Gb-continuoys at p. (. Ty, y)} for all X,Y,2E

Proof: To prove this corollary we define the @ function as ¢ - ion with
\ "3 ©:[0,4c0 0, nction
hm—:—(];:l.mﬂoi’)gm%? (t)]:(}ifor éli)l(te (0,+00) and <p(w)=w/(1+[w). C},Jg:r{]y ;'c;l iig,%';’f,‘;‘;ﬁg?f:ﬁﬂm
Xample 3.10. Let us define X.Y.Z)=IX-yl+iy-z +|x-z .
LetT(x)=x/3. Without loss of generality, we assyme x'>5|r>z!a:3d I:S‘_t_ Then (X.Gb) bea SompieieRmetic
Then (i) Gb(TxTyTz)=|x/3- -

P
/3-Y/31+|y/3-2/3 g
= 1/3{xyl - apenly /323

S1/2 {[%-y|+|y-2|+ [x.
<k(Gbeyz) /2 {%-y|+|y-z|+|x z|}

= kcp(Gb(x,y,z)).
(ii) Gb(Tx,Ty,Tz)=]x/3

pping satisfying

mapping satisfying for some meN
(3.9)

X Then T has a unique fixed point (2

¥ 3I+|y/3-z/3|+|x/3
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ABSTRACT v T: X=X in a complete Gb-metric spy,

In this paper; we prove fixed point theorems for:‘;elf ma’PP’”% ;’: ;{U:)B forallt €(0,+9) and a ,'50]; ,.oi,?:a,q"map:
as 9:[0,+00]=[0,+00] be a non-decreasing map with limn,m-® ¢ orted by an example. mq“e‘?ﬁs;
for such fived points in respective contractions. Qur results are Supp

INTRODUCTION AND PRELIMINARIES . " atics and sciences, ,

The fixed point theory which plays very important ro}e in a]_;lpllﬁil1 l]::;itcjhg]}qmetric space. Zead ;outsilzfr: i SPaces
are generalized by many authors by various ways. Czerwik [6] mtr%b s and J. R. Roshan [2] extendeq t;“d Braje,
Sims [11] coined the concept of G-metric space. A. Aghajani, M. A A h hi Jized - HIe G‘metrgc

. - of metric space, which is generalized metric spae,
space with b-metric space and develop the new structure E we study some fixed point th call
Gb-metric space. In this paper for a self mapping in a Gb metric space. 0.+ o] [0,:1-00] with lim eoremsjﬂder
some contractions [15], [10]-[9] related to a non-decreasing map [4] ¢:[0, ’ T("-m‘*m):“ o
(©)1=0 for all te(0,+) .

BASIC CONCEPTS

A b-metric space is defined by Czerwik [6] as follows. . .

Definition 2.1. [6] Let X be a non empty set and the mapping d:XxX —[0,00). The mapping d satisfies

1) d(xy)=0 if and only if x=y for all x,y€X,

ii) d(xy)=d(yx) for all x,y€X, )

iii) there exists a real nun):ber s > 1 such that d(xy)<s[d(x,2)+d(zy) for all x,y,z€ X. Then d is called a b-mety;
on X. The ordered pair (X, d) is called b-metric space with coefficient s.

Definition 2.2. [11] Let X be a non empty set and the mapping G:XXXxX—[0,00).

The mapping G satisfies

1) G(x.y.z)=0 if and only if x=y=z for all x,y;z€X,

1) 0<G(x,xy) for all x,y€X,

iii) G(xxy)<G(x,yz) for all x,y,zeX with z#y,

Key words and phrases. G-metric spaces; b-metric spaces; Gb-metric spaces; contraction mappings.

) G(xy,2)=G(x,zy)=G(y:zx)=(symmetry in all three variables),

v) G(xy,z)<G(x,a,a)+G(ayz) for all x,y,z,acX (rectangle inequality). Then G is called a G-metric on X and X6
is called G-metric space. :

Aghajani and et.al [2] defined Gb-metric space as follows

Definition 2.3. [2] Let Xbe anonempty setand s>1bea given real number. Suppose that a mapping Gb:XxXxX-R+
satisfies: ;

i) Gb(x,y,2)=0 if x=y =z for all x,y,z€X,

if) 0<Gb(xxy) for all x,y,z,eX with x=y,

i) Gb(x.x,y)<Gb(x,y,z) for all x,y,z€X with y=z

iv) Gb(x,y,z)=Gb(px,zy), where p is a permutation of XY,z (symmetry),

v) Gb(x,y.z)<s[Gb(x,a,a)+Gb(ay,z)].

Then Gb is called a generalized b-metric or Gb-metric on X, The ordered pair (X,Gb) is called generalized b-metri¢
or Gb-metric space.

Following exarilple shows that a Gb-metric on X need not be a G-metric on X

Example 2.4. [2] Let (X,G) be a G-metric space and GA* (x.yz)= Ary- i umber. Note
that G= is a Gb-metric with s=24(P -1). Obviously, G« satisﬁes(cgnc%itig(r}lgxt? 2\];) gi’ ‘t’;’l:eéﬁfjnizltr]iscz;?:]enso it suffices
to show that condition (v) of Gb-metric space is hold, If 1<p<oo, then the convexity of the functi;;n f(x)=x"P
(x>0) implies that {(a+b)]*p< 2A(P-1) (@a*p+b*p). Thus for each x,y,z,a€X we obtain

G"* (xy.2)=[G(xy2)}*p< [(G(xa.2)+G(ay2))JAp et

<2°(P-1) ({G(xa2)] *p+[G(ay2)}"p)
=2%(P-1) (G** (x.a,2)+G"* (a,y,2)).

So G is a Gb-metric with s=24(P -1).

Also in the above example, (X, G«) is not necessari 2 i

Example 2.5. Let X=R and let Gb(x,y,z) =max{|x-y|]'¥ ;|§;’:Il s;rlﬁ s-pac:eé

Then (X,Gb) is a Gb-metric space with the coefficient s=p, il
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Definition 2.6.|2] Let X_h.e-a Gb-metric space. A sequence (X n} in X s said to he.
i) Gb-Cauchy sequence if, for each € > 0, there exists a positive integer o =;||r1:‘;'l at f
m'n,}?_n_O,G(XJLX_HLXJ)';E; E L 1at for all
ii) Gh-convergent to a point X€X if, for each €>0, there exists a positive integer n() gue

G(X_“-x-m’x).<.6' , ; —_ g | 5 such that for all m,n=n_0,
proposition 2.7.[2] Let (X,Gb) be a Gbh-metric space. Then the following

) {x_n} is Gh-convergent to X.

i) G(x_11,x_n,x)—~0, as n—oo,

iif) G(x_NXX) -(), as n—00,

proposition 2.8. [2] Let (X,Gb) be a Gb-metric space. Then the following are equi

i) The sequence {x_n} is Gb-Cauchy. juiv

ii) For every >0, there exists n_0€N such that G(x_n,x_m,x_m)<e, for all n,m>n 0

Definition 2.9. [2] A Gb-metric space Xis called Gb-complete if every Gb-Cauchy sequence is Gb tin X
-convergent in X.

are equivalents:

alents:

MAIN RESULTS
Our first main result is
Definition 3.1. [4] Let @ be the setall functions ¢ such that ¢: [0,+00]— : , : _
i) }im-r(11,m—>oo)EEEch'\n (t))=0 for all te(0,+0), :[ 1-[0,+] bea non-decreasing function with
i) p(t)<t for all te(0,+0),
i) ©(0)=0.
Then @ € @, @ is called ®-maps.
Theorem 3.2. Let (X, Gb) be a complete Gb-metric space with and : ; fui
Gb('rx,TyTz)Sk(p(Gb(x,y,z)) 3.1) . let T:X—X be a mapping satisfying
for all x,y,zE_X.cpEdzske[O,l). Then T has a unique fixed point (say p, i.e., Tp = p), and
T is Gb-continuous at p.
Proof: Let x_0€X and the mapping T:X—X be a self map. Then, we get a sequence
{x_n}in X such that x_ n=Tx_(n-1)=T*n x_0. If x_n=x_(n-1) for each n€N. Then clearly
{x_n} is Gb-Cauchy sequence. Suppose x_n#x_(n-1) for each nEN. We claim that {x_n}is a Gb-Cauchy sequence
in X, for neN. Consider for neN,
Gb(x_nx_(n+1)x_(n+1) )= Gb([Tx)_(n-1),[Tx]_n,{Tx]_n)
< k(Gb(x_(n-1),x_n,x_n))
< kGb(x_(n-1),x_n,x_n)
< k*2 Gb(x_(n-2),x_(n-1),x_(n-1))
<.--<k*n @(Gb(x_0,x_1x_1))
<k”n Gb(x_0,x_1,x_1))
For given € > 0,p(€) < € there is an integer n_0 such that
Gb(x_nx_(n+1),x_(n+1) )<€ /s-ko(e),sk€[0,1),n2n0 (3.2)
For n,meN,n<m, we claim that Gb(x_n,x_m,x_m)<E, .
for all m,n > n_0. We prove inequality (3.3) by induction on m, by equation (3.2) the inequality (3.3) hold for
m=n-+1. Assume that inequality (3.3) hold for m=k, therefore Gb(x_n,x_kx K)<e. Considerm=Kk+1,
Gb(x_nx_m,xx_m) = Gb(x_nx_(k+1)x_(k+ 1))
< s[Gb(x_nx_(n+1),x_(n+1)) + Gb(x_(n+ 1)x_(k+1).x_(k+1))]
=s[Gb(x_nx_(n+1)x_(n+1)) + Gb(Tx_n,[Tx]_k,[Tx]_K)]
< s [Gb(x_nx_(n+1)x_(n+1) )+ ke(Gb(x_nx_kx k)]
<s[€/s-kp(e)+ko(€)]
=€ :
Therefore, by induction on m the inequality (3.3) hold forall n>mzn_0. Hence {x n} isa Gb-Cauchy sequence in
X. By Gb-completgness of X, there exists pEX such that {x_n} is Gb-converges to p. Now we show that p1s fixed point
of T. Suppose that T(p)#p.
Gb(x_n,Tp,Tp) < s[Gb(x_nx_(n+1)x_(n+1) )+Gb(x_(n+1),Tp,TP)]
< s[Gb(x_nx_(n+1),x_(n+1)) + ke(Gb(x_n,p,p))]
i < s[Gb(x_nx_(n+1),x_(n+ 1)))+ é{%}:(x'%l'p'?n'
$ n—+00,x_n-p,Gb(p,Tp,Tp)<0 and since Gb(p,Tp,Tp)=0. Then 1p=b-
This is Contradigtion(& 1% ;fi:) )p Therefore p is a fixed point of T. For uniqueness SUPPOSE
q /=p and q is another fixed point of T, Tq = Q.
Gb(x_n,Tq,Tq) < s[Gb(x_n,x_(n+1),x_(n+1) )+Gb (x_(n+1),Ta,T9)]
< s[Gb(x_nx_(n+1)x_(n+1)) + k(p(Gb(x_n.q.q))]
| bt (1) (1)) + k(Gbxnad)l
Asn - oo x n—pand Tq = g, we get,
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